We prove that in some cases definable chains of Borel partial orderings are necessarily countably cofinal. This includes the following cases: analytic chains, ROD chains in the Solovay model, and Σ 
Introduction
Studies of maximal chains in partially ordered sets go back to as early as Hausdorff [7, 8] , where this issue appeared in connection with Du Bois Reymond's investigations [1, 2] of orders of infinity. Using axiom of choice, Hausdorff proved the existence of maximal chains (called pantachies) in any partial ordering. On the other hand, Hausdorff clearly understood the difference between such a pure existence proof and an actual construction of a maximal chain -see e. g. [7, p. 110] or comments in [5] -which we would call now the existence of definable maximal chains.
The following theorem is the main content of this note. It shows that in some notable cases definable chains are necessarily countably cofinal. Theorem 1. If ≤ is a Borel PQO on a (Borel) set D = dom (≤), X ⊆ D , and ≤ ↾ X is a linear quasi-order (= chain), then X; ≤ is countably cofinal in each of the following three cases:
1 set -and in this case, moreover, there is no strictly increasing ω 1 -sequences in X ,
(ii) X is a ROD set in the Solovay model, (iii) X is a Σ Therefore, if, in addition, it is known that D ; ≤ does not have maximal chains of countable cofinality, then in all three cases X is not a maximal chain.
Part (i) is proved by reduction to a result in [6] . Part (ii) is already known from [9], but we present here a simplified proof in order to make the exposition self-contained, since the result is used in the proof of (iii).
The additional condition in the theorem, of uncountable cofinality of all maximal chains, holds for many partial orders of interest, e. g., the eventual domination order on sets like ω ω or R ω , or the rate of growth order defined on R ω by
Needless to say that chains, gaps, and similar structures related to these or similar orderings have been subject of extended studies, of which we mention [3, 4, 13, 10] among those in which the definability aspect is considered. We end the introduction with a review of basic notation related to orderings.
PQO, partial quasi-order:
LQO, linear quasi-order : in addition, x ≤ y ∨ y ≤ x in the domain;
LO, linear order : in addition, x ≤ y ∧ y ≤ x =⇒ x = y in the domain; sub-order : restriction of the given PQO to a subset of its domain.
lex : the lexicographical order on sets of the form 2 ξ , ξ ∈ Ord.
Analytic linear suborders of Borel PQOs
In this Section, we prove Theorem 1(i). Thus suppose that ≤ is a Borel PQO on a Borel set D ⊆ ω ω , X ⊆ D is a Σ 1 1 set, and ≤↾X is a linear quasi-order. Prove that this restricted quasi-order X; ≤ has no strictly increasing ω 1 -chains.
The proof is based on the following well-known lemma.
Lemma 2. Every Borel LQO ≤ is countably cofinal, and moreover, there is no strictly increasing ω 1 -sequences.
Proof (lemma). By a result in Harrington -Marker -Shelah [6] , there is an ordinal ξ < ω 1 and a Borel map f :
for all x, y ∈ X . But the lemma easily holds for 2 ξ ; lex .
Coming back to the proof of Theorem 1(i), we describe the idea: find a Borel set W ⊆ D such that X ⊆ W and still ≤ ↾ W is linear, then use Lemma 2. We find such a set by means of the following two-step procedure.
Note that the set Y of all elements in D , ≤-comparable with every element x ∈ X , is Π 1 1 , and X ⊆ Y (as ≤ is linear on X ). By the Luzin Separation theorem, there is a Borel set Z such that X ⊆ Z ⊆ Y . This ends step 1. Now, at the 2nd step, the set U of all elements in Z , comparable with every element in Z , is Π 1 1 , and we have X ⊆ U . Once again, by Separation, there is a Borel set W such that X ⊆ W ⊆ U .
By construction, ≤ is linear on U , and hence on W . Therefore, there is no increasing ω 1 -sequence in W by Lemma 2. But X ⊆ W .
(Theorem 1(i))
The next immediate corollary says that maximal chains cannot be analytic provided they cannot be countably cofinal. 
Near-counterexamples
The following examples show that Theorem 1(i) is not true any more for different extensions of the domain of Σ Let Q x be the set coded by a real x. Let X α be the set of all reals x such that the maximal well-ordered initial segment of Q x has the order type α. We define
Then ≤ is a Σ 1 1 LQO of cofinality ω 1 .
this is a Π 1 1 LO of cofinality ω 1 .
Example 4 (∆ 1 2 suborders). Let ≤ be the eventual domination order on ω ω . Assuming the axiom of constructibility V = L, one can define a strictly ≤-increasing ∆ 1 2 ω 1 -sequence {x α } α<ω 1 in ω ω .
Example 5 (Π 1 1 suborders). Define a PQO ≤ on (ω {0}) ω so that
Assuming the axiom of constructibility V = L, define a strictly ≤-increasing
Uniformization theorem, there is a Π 1 1 set { x α , y α } α<ω 1 , such that α = β =⇒ y α = y β , and we may assume that each y α belongs to 2 ω .
Let z α (n) = 2 xα(n) · 3 yα(n) , ∀ n. Then the ω 1 -sequence {z α } α<ω 1 is Π 1 1 and strictly ≤-increasing.
Definable linear suborders in the Solovay model
Here we prove Theorem 1(ii). Arguing in the Solovay model (a model of ZFC defined in [11] , in which all ROD sets of reals are Lebesgue measurable), we assume that ≤ is a Borel PQO on a Borel set D ⊆ ω ω , X ⊆ D is a ROD (real-ordinal definable) set, and ≤ ↾ X is a linear quasi-order.
Prove that the restricted quasi-order X; ≤ is countably cofinal. It is known that in the Solovay model any ROD set in ω ω is a union of a ROD ω 1 -sequence of analytic sets. Thus there is a ⊆-increasing ROD sequence {X α } α<ω 1 of Σ 1 1 sets X α , such that X = α<ω 1 X α . As the sets X α are ctbly ≤-cofinal by claim (i) of Theorem 1, it suffices to prove that one of X α is cofinal in X .
Suppose otherwise. Then the setsD α = {z ∈ D : ∃ x ∈ X α (z ≤ x)} contain ℵ 1 different sets and form a ROD sequence.
We claim that all sets D α belong to the same class Σ 0 ρ as the given Borel order ≤. This will contradict to the following lemma by Stern [12] , and therefore complete the proof of item (ii) of Theorem 1.
Lemma 4 (in the Solovay model). If ρ < ω 1 then there is no ROD ω 1 -sequence of pairwise different sets X ⊆ ω ω in the class Σ 0 ρ .
To prove the claim, let x 0 ≤ lex x 1 ≤ lex x 2 ≤ lex . . . be an arbitrary cofinal sequence in X α , countable by the above. Then
suborders of Borel PQOs
Here we prove Theorem 1(iii). Assume that ≤ is a Borel PQO on a Borel set
2 set, and ≤ ↾ X is a linear quasi-order. We also assume that ω
< ω 1 for every real r . Prove that the ordering X; ≤ is countably cofinal.
Pick a real r such that X is Σ 1 2 (r) and ≤ is ∆ 1 1 (r). To prepare for an absluteness argument, fix canonical formulas,
which define ≤ and X in the set universe V, so that it is true in V that
x ≤ y ⇐⇒ σ(r, x, y) ⇐⇒ π(r, x, y) and x ∈ X ⇐⇒ ϕ(r, x) .
for all x, y ∈ ω ω . We let X ϕ = {x ∈ ω ω : ϕ(r, x)} and
so that X ϕ = X and ≤ σπ is ≤ in V, but X ϕ and ≤ σπ can be defined in any transitive universe containing all ordinals (to preserve the equivalence of formulas σ and π ). In particular, X ϕ = X and ≤ σπ is ≤ in the background universe V. Let WO be the canonical Π 1 1 set of codes of (countable) ordinals, and for w ∈ WO let |w| < ω 1 be the ordinal coded by w .
Let X ϕ = α<ω 1 X ϕ (α) be a canonical representation of X ϕ as an increasing union of Σ 1 1 sets. Thus to define X ϕ (α) we fix a Π 1 1 (r) set P ⊆ (ω ω ) 2 such that X = {x : ∃ y P (x, y)}, fix a canonical Π 1 1 (r) norm f : P → ω 1 , and let P α = { x, y : f (x, y) < α} and X ϕ (α) = {x : ∃ y ( x, y ∈ P α )} . And then, by exactly the same absoluteness argument, ( * ) is true in the set universe V, too. In other words, it is true in V that X ϕ (α), a Σ 1 1 set, is cofinal in the whole set X = X ϕ . But X ϕ (α) is countably cofinal by Theorem 1(i).
In our assumptions, the ordinal
(Theorem 1(iii))
